NOTES.
NOTE A, Art. 149. Green's theorem. We may deduce from equation (5) of Art. 149 an extension of Gauss' theorem, Art. 106. Let P, Q, E be the components of a vector I and let F=l, so that, by (1), U"=0. We then have
If therefore the components P, Q, E of a vector satisfy the condition
the surface integral or flux of the vector taken through any closed surface is zero. It is of course obvious that when I as in Gauss' theorem represents the force due to an attracting body, P=dV/dx &c., where Fis now the potential of the body, and (2) becomes Laplace's equation.
I.    Let two surfaces S, S' be bounded by the same rim.    Let that side of either be called the positive side towards which the normals are drawn.
Since these surfaces enclose a space the surface integral of the vector taken over both surfaces is zero, provided the normals are drawn all outwards or all inwards, i.e. provided their positive sides are opposed to each other. Be versing the directions of the normals for one surface, it follows that the surface integrals for two surfaces with the same rim or boundary are equal provided their positive sides are the same.
II.    Let a curve, such that the direction of the vector I at any point of the curve                 i is a tangent, be called a vectorial curve (Art. 47).   Let a tube or filament be formed                 j by drawing vectorial curves through any small closed curve, as in Art. 126.   Let                 ! or, <?' be the areas of the normal sections at any two points P, P'.
By the extension of Gauss' theorem just proved, the surface integral of the vector over the boundary of the tube PPf is zero. The surface integral taken over                  j
the whole space PP', as in Art. 127, is IV -la- where I, I' are the magnitudes of the vector at the bounding sections. Hence when the vector is such that its components                  !
satisfy the equation (2), the flux across every section of a vectorial filament is the same.
III.    It is shown in Art. 149 that in some cases a volume integral can be                V replaced by a surface integral.   We may also show that in some cases a surface
integral can be replaced by a line integral taken round the rim of the surface.
Let X, Y, Z be the components of a vector whose line integral is to be taken round a closed curve. Let S be a continuous surface bounded by this curve as its rim. Let P, Q, E be the components of another vector related to X, Y, Z by the
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equations            P=-z -- — ,     Q= - -- ---,     # = ._-_-_ ................... (3).
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The theorem to be proved is that the surface integral of the vector (P, Q, R) taken over the surface S is equal to the line integral of the vector (X, Y, Z) taken round

